Abstract. In this article we provide estimates on the first eigenvalue of stable minimal hypersurfaces in a Riemannian manifold with sectional curvature bounded from below and above by negative constants. We also obtain a lower bound of the total scalar curvature of a stable minimal hypersurface if the scalar curvature of the ambient space is positive.
Introduction
As it is well known, the first Dirichlet eigenvalue of a Riemannian manifold Σ with boundary is characterized as
where the infimum is taken over all piecewise smooth functions in Σ vanishing on the boundary ∂ Σ. Recently Candel [1] gave an upper bound for the first eigenvalue of a stable minimal surface in H 3 . We say that a minimal hypersurface Σ in an (n + 1)-dimensional Riemannian manifold M is stable if the second variation of its volume is always nonnegative for every compactly supported deformation of Σ in M n+1 . More precisely, an n -dimensional minimal hypersurface Σ in a Riemannian manifold M is called stable if for any compactly supported Lipschitz function f on M
holds, where Ric(e n+1 ) is the Ricci curvature of M in the direction of e n+1 , e n+1 is the unit normal vector of Σ in M , and |A| 2 is the squared length of the second fundamental form of Σ.
Recall that the Yamabe invariant of the conformal class [g] of an n -dimensional Riemannian manifold Σ is defined by
where E(g) is defined by
Here R g and dv g denote the scalar curvature and the volume form of the metric g on Σ, respectively. Then the Yamabe invariant of Σ is defined by 
In this paper we extend Ho's result to stable minimal hypersurfaces in a Riemannian manifold of variable curvature. We provide the upper bound of the first eigenvalue when the ambient space has negative scalar curvature. More precisely, we prove 
If the ambient space M has sectional curvature bounded from below and above by negative constants, we can extend Theorem 1.1 as follows. 
), where C s is a Sobolev constant in [5] . Then the first eigenvalue of Σ satisfies
When the scalar curvature of the ambient space is positive, we estimate the total scalar curvature of a stable minimal hypersurface Σ and the Yamabe invariant σ (Σ) of Σ. (ii) σ (Σ) > 0 , when n 3 .
We note that the Yamabe invariant σ (Σ) is positive if and only if Σ admits a metric of positive scalar curvature. (See [6] , [7] and [9] .)
Proof of the theorems
where R is the scalar curvature of Σ. Putting this into the stability inequality (1.1), we therefore get
for any compactly supported smooth function f defined on Σ.
Proof of Theorem 1.2. By the inequality (2.3), for any compactly supported function f , we have
Combining (2.4) and (2.5), we have
Thus the curvature assumption on M gives
which implies
Before proving Theorem 1.3, we need the following Sobolev inequality. In [10] , the author recently proved a lower bound part in Theorem 1.3. However, for completeness we shall give this part again here.
Proof of Theorem 1.3. First we estimate a lower bound of λ 1 (Σ). The Laplacian of the distance function r on Σ ⊂ M satisfies
see [3] . Integrating both sides over a domain Ω ⊂ Σ, we get
Recall that for a Riemannian manifold Σ, the Cheeger constant h(Σ) is defined by
where Ω ranges over all open submanifolds of Σ with compact closure in Σ. Then, applying Cheeger's inequality [2] and inequality (2.6), we obtain
which gives the proof for the lower bound part. Now we prove the upper bound part of the first eigenvalue λ 1 (Σ). Since Σ is stable, we have
for any compactly supported smooth function f on Σ. Using the equation (2.2), we get
From the curvature assumption on M , we have −n(n + 1)b S −n(n + 1)a < 0 and
Then there exists a smooth function f satisfying
Applying Sobolev's inequality (Lemma 2.1), we have
Combining the inequalities (2.8) and (2.9), we obtain
Note that the assumption on C σ implies that 3n−2 n−2 − C σ C s > 0 . Therefore it follows that
which completes the proof of the upper bound part.
In particular, when a = b = 1 , the ambient space M is isometric to the hyperbolic space H n+1 . As a consequence of Theorem 1.3, we improve the upper bound of the Yamabe invariant in Theorem 1.1 as follows. 3. If C σ = 0 , then this result is exactly the same as Theorem 1.1. Note that our scalar curvature is exactly twice the scalar curvature in Ho's paper [4] .
